EQUIVARIANT HOMOTOPY DIAGRAMS 



ASLI GUgLUKAN ILHAN AND OZGUN UNLU 

Abstract. We discuss obstructions to extending equivariant homotopy commu- 
tative diagrams to more highly commutative ones and rectifications of these equi- 
variant homotopy commutative diagrams. As an application we show that in some 
cases these obstructions vanish and the rectifications can be used to construct group 
actions on products of spheres. 



1. Introduction 

Let A and Ai be two categories and U : A — > Ai be a forgetful functor. We will say 
an object Y of A is a free object if there exists an object X of Ai and a morphism 
f] : X — > U (Y) in Ai such that (Y, if) is an initial object in the comma category 
X l U . For example when you consider the forgetful functor from the category of 
groups to the category of sets, free objects are free groups. Similarly one can define 
free modules. However in some categories it is notoriously hard to construct free 
objects. In this paper, we discuss one such category and a method for constructing 
free objects in that category. 

Let G be a finite group, Ai be a category, and Qc denote the groupoid which has 
one object * G with morphism set equals to the group G. A functor from Qq to Ai 
will be called a G-object of Ai. Given X a G-object of Ai we can obtain a functor 
X from the opposite category of the poset of subgroups of G to Ai by sending H to 
limit of X over Qjj if all these limits exist. From now on, we assume that Ai is a 
category for which all the limits limX exist. 

Sh 

Let A denote the category with G-objects of Ai as objects and natural transforma- 
tions from X to Y as morphisms between X, Y two G-objects of Ai. A free G-object 
is a free object for the forgetful functor U : A —¥ M. which send X to X(*q). For 
example if = Top the category of topological spaces and continuous functions 
then free G-objects are spaces with a free G-action. In this case we know that there 
is no free Z/3-object Y with U(Y) = § 2 . 

Let Ai, A be as above. If we further assume that Ai is a homotopical category 
then we have a localization functor / from At to its homotopy category Ho(At). 
For an object J of A^, we will still write X instead of 1{X) which is an object of 
Ho(jM). Considering the weak equivalences on Ai = Top defined by isomorphisms of 
homotopy groups, we have Y = EGxS 2 as a free G-object with U (Y) = S 2 in Ro(Ai). 
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Considering diffeomorphisms as weak equivalences on M = Man the category of 
smooth manifolds and smooth maps, the existence of free G-objects Y with U (Y) = 
S 3 in Ho(.M) are studied as a part of the generalized Poincare conjecture. 

Here the case we are interested in is the case when M. = CW the category of 
finite CW-complexes as objects and admissible cellular maps as morphisms. Admis- 
sible means open cells are send homeomorphically onto open cells and such homeo- 
morphisms between open cells commute with the identity map on the interior of the 
disk after possible compositions with their characteristic maps. Here free G-objects 
of CW are free G-CW-complexes. Consider weak equivalences in CW as the weak 
equivalences of the underlying topological spaces. Given a group G and a product of 
k spheres § ni x • • • x S> nk , we will try to find if there exist a free G-object X of CW 
such that X = § ni x • • ■ x S nk in Ho(CW). 

We say a (/-object X: Q — > Ai has isotropy in J 7 if for all % subgroupoid of Q not 
in J 7 the limit of X over H is an initial object. Notice that X is a free G-object if 
it has isotropy in the family which only contains the trivial subgroup of G. So after 
fixing a homotopy action the construction of free G-objects in Top is the same as 
constructing objects with certain fixed point systems which is discussed in [S],[19|, 
[IB] , and [I]. However there are obstructions to these constructions. Here we discuss 
a recursive method for handling these obstructions. 

Swan [2T] proved that there exists a free G-object of CW if G does not contain 
a subgroup isomorphic to Z/p x Z/p for any prime p. The converse of this result 
is proved by Smith [20]. Define the rank of a group G as the number k such that 
G contains a subgroup isomorphic to an elementary abelian group of rank k but no 
subgroup isomorphic to an elementary abelian group of rank k + 1. It is conjectured 
(see [5]) that if the finite group G has rank less than or equal to k, there exist a finite 
G-CW-complex homotopy equivalent to a product of k spheres. So this conjecture is 
known to be true in case k = 1. The conjecture is also proved for k = 2 when Qd(p) 
is not involved in the groups we consider (see [2], [TB]). 

Madsen-Thomas-Wall [18] proved that a finite group G acts freely on a sphere if 
(i) G has no subgroup isomorphic to the elementary abelian group Z/p x Z/p for 
any prime number p and (ii) has no subgroup isomorphic to the dihedral group D2 P 
of order 2p for any odd prime number p. It is also known (see [H], [I], [25]) that a 
finite p-group can act freely and smoothly on a product of two spheres if and only if 
the rank of the group is less than or equal to 3. Methods developed in these results 
were also used in J2H] to show that for every finite group G there exists a finite free 
G-CW-complex homotopy equivalent to a product of spheres where the action is 
homologically trivial. 

In these later results, the idea is to construct X n — » . . . X\ — » X = * a sequence 
of G-objects and {{e}} = T n C ••• C T§ a sequence of subgroup families of G so 
that X{ has isotropy in T{ and Xi = x S ni in the chosen homotopy category for 
some Hi > 1. In the construction of Xi from Xi-i, the starting point is a diagram 
in the homotopy category. However gluing these over Xj_ x has some obstructions. 
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Here we discuss these obstructions. These obstructions are similar to the obstruc- 
tions discussed in [7] and [T2]. More precisely we replace homotopy diagrams with 
cubically enriched functors called homotopy commutative diagrams and discuss their 
rectifications which can be used to construct the cubically enriched functors in the 
next step of the recursive process. 

In Sections 2, 3 and 4, we remind some basic definitions and facts about simpli- 
cial sets and cubical sets and set the notations we will be using. In Section 5, we 
introduce a bar construction which will be used to rectify homotopy commutative 
diagrams. In Section 6, we discuss properties of the homotopy coherent nerve that 
we obtain by using the bar construction of the previous section. In Section 7, we 
discuss homotopy commutative diagrams and maps between homotopy commutative 
diagrams. In Section 8, we discuss the obstructions to extending homotopy commu- 
tative diagrams to ones that are more highly commutative. In the last section, we 
give some applications. 



Let Set denote the category of sets, Top denote the category of compactly gener- 
ated topological spaces, and Cat denote the category of small categories. These are 
all examples of closed symmetric monoidal categories with cartesian product. 

2.1. Simplicial sets. Let [n] denote the category with objects {0,1,2, ... ,n} and 
exactly one morphism from % to j when % < j. Let A be the finite ordinal number 
category, i.e., the full subcategory of Cat with objects [n] for n a non- negative integer. 
Let C be a small category. Then simplicial objects of C are functors from A° p to C. 
Simplicial objects of C form a category denoted by sC with morphisms given by 
natural transformations. If "D is a small category and C is an arbitrary category, the 
category of functors from T> to C is denoted by C v '. Hence we have sC = C A ° P . For 
K a simplicial object of a category, we write K n instead of if ([ft]) and call it the 
n-simplices of K. For i in {0, 1,2,... n}, we define a functor d l from [n — 1] to [n] by 



It is know that all morphisms of A can be written as compositions of the above 
morphisms. For a simplicial object K, the map di : K n — > K n -\ induced by d l is 
called an z-th face map of K, and the map Si : K n — > K n+ i induced by s l is called an 
i-th degeneracy map. 



2. Some closed symmetric monoidal categories 




and define a functor s l from [n + 1] 



to [n] by 
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Objects of sSet are called simplicial sets. There is a standard embedding of A in 
sSet which takes [n] to the standard n-simplex A n =: A(— , [n]): A op — > Set. Let 
A< ra be the full subcategory of the finite ordinal number category on the objects 
{[0], [1], • • • , [n]}. The functor induced from the inclusion A<„ <— > A is called the 
n-truncation functor r n : Set < n — » sSet. This functor has a left adjoint and com- 
posing two gives the n-th skeleton functor sk n : sSet — > sSet. Therefore, given a 
simplicial set K, sk n K is the subsimplicial set of K generated by K , . . . , K n under 
the degeneracies. If K and L are two simplicial sets, their simplicial tensor K <g> L in 
sSet is defined: 

(K <g> L) n := K n x L n . 
This defines a symmetric monoidal structure on simplicial sets. 

2.2. Cubical sets. Let n be a non-negative integer. We will write X™ to denote 
the set of functions from {1,2, ... ,n} to {0, 1} for n > 0. Here X° contains a single 
function namely the empty function. For i in {1,2, . . .n) and e in {0, 1}, define a 
function S %,e ^ from X™ -1 to X n by 

(f(j) i£j<i 
e i£j = i 

/O'-l) ifj>< 
for / in X™ -1 and define a function from X n to X n_1 by 

if j < i 
f(j + l) if./>/ 

for / in X n and define a function c* from X n+1 to X n by 

^(/)(j') = <max(/0'),/0' + l)) if J' = < 
1/0' + 1) if./ --' 

for / in X n+1 . Let D c denote the Box category with connections, whose objects are 
{I n }^ =0 and the morphisms of O c are generated by the functions S h£ \ s' 1 and c l 
where n > and I < i < n. Let C be a category, a functor D° p — > C is called 
a cubical object of C. We write K n instead of K{X n ) and call it the n-cubes of K. 
The two maps du £ -\ : K n _i — > K n induced by S 1 '^ is called an i-th face map of K, 
the map : X n — >■ i^„_i induced by s l is called an i-th degeneracy map, and the 
map q : — >■ induced by c* is called an i-th. connection map. The collection 

of all cubical objects of a category C form a category which we denote by cC, in 
other words, cC denotes the functor category from \3° p to C. Objects of cSet are 
called cubical sets. There is a standard embedding of D c in cSet called the standard 
n-cube I n which is the cubical set □ c (— ,X n ): 0° p — > Set. For a cubical set K, the 
subcubical set of K generated by K , . . . , K n under the degeneracies is called the 
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n-th cubical skeleton of K , written sk c n K. As in the simplicial sets, one could also 
see the n-skeleton functor sk^: cSet — > cSet as a composition of the n-truncation 
functor r n on cubical sets with its left adjoint. If K and L are two cubical sets, their 
cubical tensor K ® L in cSet is defined: 

K®L := colini/i^ Ik ^ L I j+k . 

This defines a symmetric monoidal structure on cubical sets. 
There are adjoint functors 

cSet ^5 sSet 

relating the cubical sets and the simplicial sets. The singular functor S associates to 
every simplicial set A, a sing ular cubical set S(X) with n-cells S(X) n = sSet((A 1 ) n , X). 
The triangulation functor T is defined by TK = colim/n^^A 1 )™. These functors 
induce an equivalence of homotopy categories. 

3. Some enriched categories 

Let V be a bicomplete closed symmetric monoidal category with unit object E and 
product ®. Let [B, C] denote the internal hom-object from B to C. The product 
and the internal hom-objects satisfy an adjunction 

V(A®B,C)^V(A, [B,C]). 

A category Ai enriched over V means that Ai(M, M') is an object of V for every 
M, M' object of Ai and the composition of Ai is given by a morphism of V 

M{M', M") ®M{M, M') ->• M(M, M"), 

that satisfies the associativity and unit axioms. 

Note that each V-category Ai gives rise to an ordinary category Ai® which has the 
same objects and M (M, M') = V(E,M(M, M')). 

A V-functor F: Ai — > Af between V-categories Ai and AT assign an object F(M) 
of to each object M of Ai and a morphism 

M(M, M') -> Af(F(M), F{M')) 

in V that satisfy the functoriality diagrams. One can similarly define a V-adjoint 
pair and a V-natural transformation. In particular, these notions give rise to an 
underlying ordinary functor Fq : Ai — > Af, underlying ordinary adjoint pairs and 
natural transformation. 

3.1. Cofibrant replacement of simplicially enriched categories. One way of 

assigning a simplicial category to a small category is the standard resolution con- 
struction of [9] and [10] (see also [22] ). Given a small category C, the free category on 
C is the free category J-~C, where obj(J r C) = obj(C), and a morphism in TC from c to 
d is a word of composable non-identity morphisms (f n , . . . , fi) such that the domain 
of fi is c and the range of f n is d. Here the composition is given by the concatenation 
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of words and the identity morphism on c is the empty word (). For simplicity, we 
write T f := (/) £ J-C(c, d) for a morphism / £ C(c, d). 

For every functor F: C — )■ T>, there is an induced functor JFF: TC — > J-T> which 
sends T j to J r {F{f)). This makes T a functor from small categories to small cate- 
gories. The functor T has a co-monad structure with the co-unit functor Uc '■ — > C 
which is the identity on objects and sends T f to /. The co-multiplication functor 
Ac: TC — > T 2 C is defined by Ac(-7 7 /) = F 2 f- Clearly these functors satisfy the 
comonad identities. Therefore one can construct a simplicial category (with discrete 
object set) TJZ by letting F n C = J rn+1 C. Here the face and the degeneracy maps are 
identity on objects and on morphisms they are given by 

di = F{U T n+i- ic ) : F n+l C(c, d) ->■ J rn C(c, d) 

Si = F(Aj:n-i C ) : F l+1 C{c, d) -)• F l+2 C{c, d). 

The category is also a simplicially enriched category. 

3.2. Cofibrant replacement of cubically enriched categories. The W-construction 
on a small category C is the cSet-category WC where Obj(VFC) = Obj(C) and for 
every a, b objects of C, the cubical mapping complex WC(a, b) constructed as follows: 



WC(o,6)=( ]\ 



[n+l]-+C, 
<r(0)=a, <r(n+l)= 



where the equivalence relation is given by 
r-V, ~ d^(7J) and r+i, 




if i — 1 , n + 1 
otherwise. 



The cubical composition 

WC{a^ ai )®WC{a h a n+1 ) WC(a , a n+ i) = WC(a, 6) 

sends the (n - l)-cube /J" 1 ® 1^ to d^I^ where (/3 • a) (j -»■ j + 1) = a(j + 
if j < n — i and ((3 ■ a) (J — > j + 1) = + z — n — 1) — >■ (j + i — n)), otherwise. 

Moreover for every functor / : C — > P, the W-construction induces a cSet-functor 
Wf: WC — >■ H^P which is given on objects by / and on morphisms by sending an 
n-cube J" to /j? 0(J .. This makes W a functor from the category of small categories to 
the category of cSet-categories. For every small category C, the simplicially enriched 
categories TWC and TJZ are naturally equivalent (see Lemma 3.6 in [3]). 

4. Some tensored categories 

We say that a V-category Ai is tensored if for every object K of V and M of Ai, 
there is an object K M of .M and a V-natural isomorphism: 

[if, M (M, M')] = .M(if M, M'). 
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Definition 4.1. Let Ai be a tensored V-category, D be a small V-category, and 
G: V op — >■ V and F: £> — >■ .M be V-functors. Then their tensor product is defined to 
be the following coequalizer: 

(1) GQ v F = coeqlYl(Gd'®V{d,d'))QFd^YlGdQFd) . 

\d,d' d J 

4.1. Geometric realization. Let Ai be a tensored V-category, D be a small V- 
category, and i? : T> — > Ai be a V-functor. We can then define the geometric realiza- 
tion with respect to R of any functor X : V° v — > V to be 

= X ©£> R. 

Proposition 4.2. Let /: D\ — > D 2 be a fibration and R: D 2 — > Ai. Then for every 
functor X : D° p — > V, there is a homeomorphism between \X\f*^ and \X\r where X 
is the left Kan extension of X along f op . 

Proof Since X(c) = colim ze j-i( c )X for every c G D 2 , the following diagram com- 
mutes 

U x ,ye Dl *(V) ® Mor Dl (x, y) R(f(x)) =| LL eDi © «(/(«)) 



LL, 66 d 2 *(&) © Mor Dl (a, b) i2(a) I TJ ceD2 *(<0 i2(c). 

Therefore is a co-cone for the first row. In particular, we have 

X(c) R(c) = colim 2e/ -i (c) X R(c) 
which makes \X\ R the co-equalizer. □ 

4.2. Topological spaces. The category Top can be given the structure of a sSet- 
category by applying the total singular complex functor to each hom-space. We will 
denote the resulting sSet-category by Top sSet . The category Top sSet is tensored 

With K 0sSet 

X = \K\x X. 

Similarly we denote by Top cSet the cSet-category obtained by setting 

To PcSet (X, F) n = Top(X x r\ F). 

The category Top cSet is tensored with K c s e t X := \K\ x X. Therefore for every 
cubical set A and a space X e Top, we have the following equivalence 

TA sSe t X ~ A cS et X. 
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5. Equivariant double bar construction 

5.1. Grothendieck constructions. Let Cat denote the category of small cate- 
gories and functors. Given a functor 7: C — >• Cat we define two categories called 
Grothendieck constructions of 7. 

The category J c 7 is a category with objects 

{(c, x) I c is an object of C and x is an object of 7(c)} , 
with morphisms from (ci,Xi) to (c 2 ,£ 2 ) is 

{(flS /) I 9 '■ c i ~~ * c 2 is a morphism in C and /: 7(0) (xi) — > x 2 is a morphism in 7(02)} , 
with composition 

(92, f2) ° (#1, /1) = (#2 #1, /2 7(»2)(/l))- 
The category f° p 7 is a category with objects 

{(c, x) I c is an object of C and x is an object of 7(c)} , 
with morphisms from (ci,Xi) to (c 2 ,x 2 ) is 

{(fiS /) I 9 '■ c i — * c 2 is a morphism in C and /: x 2 — > r y(g)(xi) is a morphism in 7(c 2 )} , 
with composition 

{92 J2) O (gijl) = (S2 0ffl,7(j2)(/l) /2)- 

Let V-Cat denote the category of small V-categories and V-functors. From now on 
we assume that V is closed under coproducts. Hence for any functor 7: C — > V-Cat 
the Grothendieck constructions J^ p 7 and f c 7 can be considered as a V-category. 

5.2. Definition of double bar construction. We now introduce the enriched two- 
sided bar construction. If M. is a tensored V-category, C is a small category, 7 : C — > 
V-Cat is a functor and G: J c ° p 7 — > V and F : J c 7 — )■ M. are V-functors then the 
two-sided simplicial bar construction is a functor B.(G, 7, F) : C — > s.M is defined as 
follows. For c an object of C, the n-simplices B n (G, 7, F)(c) of the simplicial object 
B,(G,j, F)(c) is given by 

j 1 (C(c, a n ) <g> 7(c) (a n _i, a n ) <g> • • • <g> 7(c)(«o, «i)) © ^(c, a ) 

a , «i, . . . a n 
objects of 7(c) 

and the face and the degeneracy maps are defined by using composition in 7(c), the 
evaluation maps 7(c) (ao, a i) © F(c, ao) — > F(c, «i) and 7(c) (a„_i, a„) <8> G(c, a n ) — >• 
C(c, a n _i), and the insertion of identities E — >■ 7(c) (a, a'). For a morphism /: c — > d 
in the category C a morphism from B n (G, 7, -F)(c) to B n (G, 7, F)(d) is defined by con- 
sidering the morphisms 1 7 (/)( Q „)) : G(c, a„) ->• G(d,~f(f)(a n )), 7(f) : ~f(c)(a,a') ->■ 
7(d)(7(/)(«),7(/)(a / )), and F(/, 1 7 ( /)(qo) ): F(c, a ) F(d, 7 (/)(ao)). 
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The notion of double bar construction for enriched categories was first introduced 
by Shulman [23J and this construction can be considered as an equivariant version of 
Shulman's double bar construction. 

5.3. Properties of double bar construction. Let Ai be a tensored V-category, 
C be a small category, 70,71: C — > V-Cat be functors, and G: J c Ji — > V and 
F: j c 71 — > Ai be V-functors. Then every natural transformation from iV : 70 — > 71 
induces a V-functor N*F: J c 7o — > M. which is defined on objects by N*F(c,x) = 
F(c, N c (x)) for every c G C and x G 7o(c). For a morphism (g,f): (ci,Xi) — > 
(c 2 ,x 2 ) in J c 7o, we define N*F(g,f) = F(g, N C2 (f)). Similarly, one can define a 
V-functor N*G: 70 — > V. Hence N induces a natural transformation iV* from 
B.{N*G, lo ,N*F) to B.{G, 7l ,F). 

Let 7: C ->■ V-Cat be a functor, and G: J c ° p 7 -)■ V and F: J c 7 -> be V- 
functors. Then every functor p: T> — > C from a small category D induces a natural 
transformation p* from B,(p*G, 7 o p, to B,(G, 7, F) where p*G : 7 o p — y V 
and J v 7 o p — > M. are induced V-functors. 

5.4. Opfibrations. Let Q be a groupoid and 7: C? — >■ Cat be a functor. We define 
a functor 

^7 : (? -)■ Cat 

on each object a of Q by letting 0^7(0) be the full subcategory of the simplex category 
A 1 7(a) with object set consisting of a: [n] — > 7(a) where n = 1 or for each i the 
morphism a{i — >■ i + 1) is not identity. Assume that 77 denotes the Grothendieck 
construction 

I j — dj. 
Jg 

Let p 1 denote the natural projection 

p 1 \ /7 -> ^. 
Note that p 7 is an opfibration. Now define 

/7 : 17—)- Cat 

by fj(a,a) = [n] when a: [n] — > 7(a). Note that we can consider 7 as the left Kan 
extension Lan p (^7) with the universal natural transformation e : /7 — >• 7 o p 7 given 
by e (ajCT ) = a. 

Theorem 5.1. Let G: Jg P — > cSet and F: JgW^f — > M. be morphisms in 
cSet-Cat. Then we have 

B(G,Wj,F) = Lan p F(eXG, W77,e>lF)- 
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Proof. For every a G Q and a: [n] — >■ 7(a), define 

by sending the summand (G(a, W / (o")(a m ))®H / ([n])(a m _ 1 , a m ) ■ ■ •®W / ([n])(a , «i))© 
F(a,W(a)(a )) corresponding to a , ■ ■■ ,a m in ^([n.]) to a summand correspond- 
ing to W(a)(ao), ■ ■ ■ ,W(a)(a m ) in W( , y(a)) by a map induced from the functor 
W(a): W([n]) ->■ W(7(a))- For a map (g,f): (a, a: [n] -)■ 7(a)) -> (6,/3: [to] -)■ 
7(6)), we have /?/ = j(g)a and hence WG0)W(/) = W(j(g))W(a). This makes 
?7 — {Va,cr) a natural transformation. 

For a given functor M: — > cSet-Cat and a natural transformation 

a : W7 7 , e>;F) -> M o p, 

we define //: -B(G, VF7, F) — >• M as follows. For every a E Q, define 

^: J B(G,^ 7 ,F)(a) 1 ^M(a) 1 

by sending {P a ®I k p )®I l a in (G(a, a*) 8^(7(0) (z , xi))©F(a, x ) to ^(^0/^)0^ 
where t^+i : + 1] _ > [k + 1] is the identity functor. For s > 1, define /i* by using the 
cubical decomposition defined in Section 13.21 Since a is a natural transformation, we 
have M(/)a( 0)i g) = a^,-y{f)(P))B(f, id^)) for every map f : a b and /3: [& + 1] — > 
7(a). Therefore M(^)(^((^ © I*) I l a ) = ^ b B(f } id m )((P a I*) and hence 
/i is a natural transformation. 

Note that for every (a, a: [n] —> 7(a)) G /7 and g: [k + 1] — > [n], the following 
diagram commutes 

B(e*p*G,Wf7,e*p*F)(a,(Tog) > B{e*p*G,W fi,e*p*F){a,a) 

M(a) M(a). 

Therefore we have rj(fip) = a as desired. Clearly /1 is unique. □ 

Note that the above theorem still holds if we replace the functor W with the 
functor sk^ W : Cat cSet-Cat or the functor T sk c n W : Cat -»■ sSet - Cat. Here 
the skeleton sk^j C of a cSet-category C is generated by the tensor products of the 
cubes of dimension less than equal to n. 

6. Classifying Spaces 

6.1. Category [n]. The morphisms of the free simplicial category of [n] is given as 
follows (see [9]) 



Afip'-'- 1 , i<j; 

0, otherwise. 
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B?= II \T.[n](ri-i,ri)\ x ••• x | F.[n](r , n)\ 

r=(ro,~ ,n)eK? 

where Rf = {r = (ro, • • • , rj)| < ro < ri < • • ■ < r» < n}. Then the standard 
geometric realization of the double bar construction B(*, J : ,[n], *) is given by 

\B(*,F.[n],*)\ = (U^x |A*|)/~ 

i>0 

where the equivalence relation has (diX,t) = (x,dH) for every (x,t) G Bf x |A 2_1 |. 
From now on, we write |C n (r)| := |.F.[n](rj_i, rj)| x • • • x | .F.[7i](ro, ri)| for short. We 
also denote an element (ti\--- , t^_ r ._ l _ 1 ; ■ ■■ ; ■ ■ ■ , 4i-r -i) °f |C"( r )l by £(r) 
and an element (to, • • • , £«) G | A l | by i. 

Now consider B(*, J 7 ., *) as a functor from A to sSet where A is the subcategory 
of A which has the same object set as A and morphisms in A are generated by the 
injections [k] ^ [m] and the surjection [1] — > [0]. 

Theorem 6.1. There is a natural homeomorphism h: \B(*, J 7 ,, *)| — > A* where the 
functor A': A — > Top is given by A'([n\) = |A n |. 

In order to define the map h n := h([n}), we first introduce some notation. Let 
A™ be the subset of |A n | consisting of all a = (ao, • • • ,a n ) satisfying the following 
conditions 

(1) a m = when m > or m < r , 

(2) a u < min(a rfc ,a rfc+1 ) when r k < u < r k+ i, 

(3) min(a rp , a r J < a rp+1 when p < s, 

for each r = (r , • • • , r,) G -R" and 1 < i < n. Now define /i„(r) : |C n (r)| x |A l | ->■ A™ 
by 

h n (r)(t(r),t) = =- (a , • • • ,a n ) 

where 

{t k u-l k (max p < fc<s {min(tp, t s )}) , r k < u < r k+1 , 
0, w < r or w > rj, 

mnx p<k<s {t k , min(t p , t s )}, it = r k , 

for every (t(r),t) G |C„(r)| x |A l |. It easily follows that (a , • • • , a n ) G A™. Note that 
d .( t ( r )\ - (s^- 1 ) ... .... . s « ... S W ) 
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where df k = r k if k < j, df k = r fc+1 otherwise, and 



1, 

t j+1 

fk+1 

11 ' 



k < j; 

k = j and u < r,j — r^-i — 1 
k — j and u = rj — r,-_i — 1 
k — j and u > rj — r 3 -_i — 1 
fc > j. 



b r and if 



J r 



< b 



V+l 



< 



When tj = 0, min(t p ,t s ) = whenever j G {p, s}. So it does not contribute to a u 
and hence we have h n (r)(t(r),t) = h n (djr)(djt(r),t') where d?t' = t. Therefore the 
maps h n (r) induce a map h n : \B(*, .F # [n], *)| — > |A n |. 

Proof. To show that /i n is onto, take (6 , •••,&„)€ A™. Let r = (r , • • • , where r 
is the smallest integer for which b u ^ and r^'s are defined inductively as follows. 
If for all u > r k , b r . k < b u , define r k+ i — r k + 1; otherwise let rfc +1 be the largest 
integer such that b r . k > b u for all r k < u < r k+1 . This procedure terminates at % 

where b u = for all u > V{. Let t k — ^r- where b = b ro + " ■•' '' - ! 

Then h n ([t(r),t\) = (bo,-'' ,b n ). Note that we have b 
construction and hence r = (r ,ri, • • • , 

which (6o,--- ,K) e ^4"- 

It remains to show that h n ([t(r),t\) = h n ([s(r'), s]) implies (t(r),t) ~ {s(r'), s). For 
this assume that t(r),t, and r = (r , • • • , r,) is defined as above. Since the intersection 
of A™ and A" is A", where r" = r fl r', we have r' D r as a set. So r = di k ■ ■ ■ d^r' 
for some %\ > ■ ■ ■ > i k . Without loss of generality, we can let r = djr', that is, 
r' = (r , • • • , rj_i,r'j, r^, ■ ■ ■ , rj). Once we show that s is (t , • • • , tj-i, 0, tj, • • • , ij), it 
immediately follows that djs(r') = t(r). Therefore we obtain (t(r),t) ~ (s(r'),s) as 
desired. 

By definition, we have a = t = s and a n — U — s i+i . By inductive hypothesis 
on k < j, ti = si for alH < m < k. Since min(s m , s z ) < s m , we have 



is the smallest subset of {1, 



< K by 
• , n} for 



t m < t m -|_i 



a r > 



max{s m+ i, max m+ i <2 {min(s m , s z )}} 



'm+l- 



Similarly, one can show that s m = t m -i for all m > j. Since the sum of s m 's is 1, this 
forces Sj to be zero. This proves that the map h n is a homeomorphism for each n. 

Since the morphisms in A is generated by the face maps <# : [n — 1] — >■ [n] and the 
degeneracy map s°: [1] — > [0], to show that h is natural, it suffices to show that the 
following diagrams commute 



\B(*,T.[n-l},*) 



A*([n-1]) 



di 



->■ |S(*,J r .[n],*) 



A*([n]) 



A'([l]) 



A'([0]) 
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for every < j < n. Since A*([0]) = \B(*, ^.[O], *)| = *, the second diagram com- 
mutes. On the other hand, the induced map d{ : \B(*, J-,\n — 1], *)| —> \B(*, J : ,[n], *)| 
is explicitly given by 



4[t(r),t) 



[t(r),t], j>n; 

[s{r l + ),t], j = r l} 0<l<i; 

[p(r^ +1 ), t], n <j=u< r i+1 , 0<l<i; 

[t(r° + ),t], j<r , 



where r™ = (r , • ■ ■ , r m -i, r m + 1, ■ ■ • , n + 1) and 

( , { 0, m = 1 + 1, v = u -r t , 

m 0, m = I, v = ri — m I jm , , 1 

C = { C otherwise, ^ = S 1 ' ^ + ' 

^ w [ C> otherwise. 

By using this formula, one can easily check that the map h n respects the face maps 
in the sense that it makes the first diagram above commute. □ 

6.2. In general. Let B : Cat — > Top be the classifying space functor. Then we have 
the following result. 

Theorem 6.2. There is a natural homeomorphism between the functors B^y and 
\B.(*,F.j,*)\. 

Proof. First by Section [5741 the bisimplicial set B(*,J- u j, *) is the left Kan extension 
of B(*,J r ,f'-f,*) over p 7 . Now by the previous theorem there is a natural homeomor- 
phism between \B(*, J-»f^f, *)\ and -B/7. We also know S7 is the left Kan extension 
of Bf'y over p T Hence we have a natural homeomorphism between the functors -B7 
and \B,(*, Jvy, *)|. □ 



7. HOMOTOPY DIAGRAMS 

Let M. be a homotopical category (see [H]), in other words, M. is a category 
with a class of morphisms called weak equivalences that contains all the identities 
and satisfies the 2-out-of-6 property: if hg and gf are weak equivalences, then /, 
g, h, and hgf are also weak equivalences. Any homotopical category Ai has a 
homotopy category Ho(Ai), obtained by formally inverting the weak equivalences. 
There is a localization functor I : Ai — > Ho(Al) which is universal among the functors 
inverting the weak equivalences. Here we have enriched homotopical categories and 
their homotopy categories have small hom-sets. 

7.1. Homotopy diagrams. For the following assume that Q is a small category, 
7:^—7- Cat is a functor, Ai is a cSet-enriched homotopical category with localiza- 
tion functor I : M. — > Ho(A^), and / : J g 7 — > Ho(TVl) is a functor. Also let p n denote 
the projection from J g sk^ tofgj. 
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Definition 7.1. An n-commutative homotopy 7-diagram over / is a cSet-functor 

F: I Bk^Wi-tM 
Jg 

which satisfies / o p n = I o F. 

Remark 7.2. Our definiton of a homotopy commutative diagram is in agreement 
with Vogt's definition [27] when A4 = Top c s e t- For c an object of Q and a: [A; + l] — > 
7(c) a functor, let denote the map a(i — >■ (i + 1)) for < i < k, A — F(c,a(0)), 
and B = F(c,a(k + 1)). Then -F(id c , — ) gives a cubical map from the cube l a to 
Top c set(A B). If we consider this map as a continuous function D from the fc-cube 
[0, l] k to Top cSet (A,B) and use the notation D(f k ,t k ,--- ,t ,f ) for the image of 
(tk, ■ ■ ■ , ti) in [0, l] k then we have the following equations 

D(f n , t n ,"- 5 fo) D (9m, u m , ■ ■ ■ , g ) = D(f n , *„,•••, f , 1, g m , u m , • • • , g ). 

and 

{D(f n ,t n , ••• /o = id, 

£(/n, *n, • • • , fi+i, max{t i+ i, ti}, ■■■Jo), fi = id, < i < n, 
D(f n -1, tn-1, ■ " , fo), /n = id, 

F>{f n , tn,' ■ ■ , U+l, fifi-1, ti-l, ■ ■ ■ , fo), U = 0. 



7.2. Maps between homotopy diagrams. For a non-negative integer k let 7 x [A;] 
denote the functor from Q to Cat given by the cartesian product of the functor 7 
and the constant functor [k\. 

Definition 7.3. Let n, k be two non-negative integers. Then a (k — l)-map of n- 
commutative homotopy 7-diagrams over Ai is a cSet-functor 



Jg 



'g 

Definition 7.4. Let Fi,F 2 : JgSk^ l W'j — > Ai be two n- commutative homotopy 7- 
diagram over /. Then we say that F\ is homotopic to F 2 if there exists two 1-maps 
of n-commutative homotopy 7-diagrams Hi,H 2 : JgSk^ +2 W / (7 x [2]) — > M. such 
that Hi restricted to fgsk^ W{j x {j}) is the same as Fk when i + j = k mod 2 
and Hi restricted to f g sk n+2 W(j x {j — > j + 1}) is the same as H 2 restricted to 
fg sk^ +2 jy(7 x {j' — > j' + 1}) when j + j' = 1, and both Hi and H 2 restricted to 
Jg sk n+2 W(7 x {0 — ^ 2}) are induced by the identity. 

The following two theorems will explain why such cSet-functors are called maps 
of homotopy diagrams. First we introduce some notations. If k is a non-negative 
integer and A is a subset of {0,1,2, ... ,k} then A will denote the full subcategory 
of [k] with the object set equal to A and for a positive integer r, s r ^ will denote the 
cSet-category 

s rJ = sk c r Wfr x A) 
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and F r A will denote the restriction of F to s r ^- Given F a (k — l)-map of n- 
commutative homotopy 7-diagram over Top c s e t, we will define a map 

f k (F): \B.(*,Ts nm ,F nm )\ x \I k ~ l \ -> |S.(*,T5 B>W ,F B>W )| 
which satisfies the following two theorems 

Theorem 7.5. Let F be a n- commutative homotopy '-/-diagram over Top c s e t- Then 
fi(Fx [1]) is homotopy equivalent to the identity map on \B,(*, Tsk^ Wj, TF)\ where 
F x [1] denotes the functor obtained by the projection from 7 x [1] to 7. 

The above theorem says up to homotopy identity goes to identity. 

Theorem 7.6. The map fk also satisfies the following property 

fk(F)(-,i B ) = fi(F n +i, {ba _ lM ) • • • h( F n+i,{hM}) 

where B = {0 = b < bi < ■ ■ ■ < b s = k} and is = (cti, • • • Ofc-i) in |/ fe_1 | with a« = 1 
if i — bj for some 1 < j < s — 1 and a« = otherwise. 

Now to define fk(F), we first give a double bar construction £?'(*, 7, F) for 7 = 
Tsk^ +fe W(7 x [A;]) where B'(*, 7, F) is a functor from to the functor category from 
A I [k] to Top defined for c an object of Q and cr: [m] — > [k] in A | [k] by 

B'(*,7,F)(c)(<7) = ]J (7(c)(am-i,am)®---®7(c)(a , ai))©^^, a ). 

For < i < to, 
ctj is an object of 
7(c) x {<r(i)} 

Let i be an integer with < i < k. Then we define functors Ri, Ri, and Ri from 
A I [k] to Top as follows: 

Ri(<r) = {t e + ■■■ t m e m G | A m | | ^ = *i = = 0}, 
= {t e + . ..t m e m G Ri(a) | V j > i, j ^ k ^ < -(1 ~y^J s }, and 

Ri,t( a ) = {*oeo + • • • t m e m G i^cr) | i ■ = t} where t G [0, ^] 

where a: [m] — >■ [&] is a functor and t'j = i; for < j < k. Notice that for 

lea-Hi) 

< % < k — 1 and u in [0,1], there is a natural transformation r^ u from i?j to Ri 

which sends (t e H h t m e m ) to w(to,e • • • ^-iQ-i) + 73^ (^Q . . . t m e m ) where d 

is the minimum element of the set {o~^ 1 (j)\ % + 1 < j < A;}. Note that i?^ = i?^ and 
rio(Ri) = Ri+i- Hence the composition r^-i ' • ' r i r o induces a map from 
|S'(*,Tsk^ fe W( 7 x [fc]), F)| So to |fl'(*,T<V( 7 x [fc])>)k. To define / fc (F), we 
need the following observations. 
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Lemma 7.7. \B'{*, TW[k], *) |= = I k ~ l 

Proof. Since B'(*, TW[k],*)(a) = B'(*, TW[k],*)(sl(a)), we can suppress the degen- 
erate objects in A 4 [k]. In addition, if o" _1 (0) or c~ 1 (k) is empty then R Q i(a) = 0. 
Therefore, we have 

\B>(*,TW[k],*)\= oi = ( J] |C"»| xI i( ff ))/~ 

' 2 a: [m]^[k], 

o-(0)=0, a(m)=k 

where \C m (a)\ = \F,[k]{a{m - l),<r(m))| x ••• x | 7".[A;](<t(0), <t(1))|. Note that for 
every a: [to] [A;] with cr(0) = and ct(to) = fc, we have -R i(cr) = J m_1 and 
|C m (o-)| J fe - m . Therefore \B'(*,TW[k],*)\= is obtained by gluing (k - l)-cubes 

/J -1 . On the other hand, for each m < k, there are Qj^-many inclusions <r: [to] ^->- 
[k] for which cr(0) = and <t(to) = /c and for each such a, the size of the set 
{((f)* (a) | < « < to} is (to — 1). Moreover there are exactly (k — m + l)-many 
7: [to + 1] <—> [k] such that (d*)*(7) = c for some < 2 < to + 1. This means that 
jk-i j g gj uec i ^ ^ _ i)-many different cubes. Indeed it is glued to each cube along a 
different face containing the vertex ((fk-i) • • • (/o), (|, 0, • • • , 0, |)). Therefore, these 
2 fc ~ 1 -many (A; — l)-cubes are glued together to form another (/c — l)-cube with center 
((A-i)---(/o),(i,0,...,0,i)). 




□ 

Lemma 7.8. There zs a natural inclusion of\B,(*, Ts n j^y, F n x |-B'(*, 7W[fc], *)|= 
mlS'^Tsk^^x [*]), F)|^ o . 

Proo/. Set U = \B'(*, Tsk c n+k W(>y x [k]), *)\r - We can consider [/CB( 7 x [Jfe]) 
because |-B'(*,7W(7 x [&]),*)| = .6(7 x [k]). Consider V C .67. The projection 
pi : 7 x [A;] — >■ 7 induces Bpi: B(^y x [A;]) — > B^y. We have Bpi(U) C V 7 . Define / as 
the restriction of Ppi to [/. So /: C/ — >■ V. The projection p 2 : 7 x [/c] — y [k] induces 
Wp 2 : W(~i x [k\) ->■ W[Jfe] and this induces C/ ->■ 7W[ife], *)|= = J*" 1 . We 

have (/ x g): U -> V x I k ^ 1 an injective map. Define X = \B'(*, T sk^ +k x 
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[k]),F)\= . Then X is a subspace of \B'(*, Tsk c n+k W(>y x [k]),F)\^. Define F = 

^n+A,{o}- The space X is same as the pull back of \B(*, Tsk^ +k Wj, F)\ x — > 
1/ x by the map / x g. Define Z = \B(*, Tsk^ W7, *)| and consider Z C 
i?7. We have Z x C (/ x g)(U). Now we are done because the pull back 
of | J B(*,Tsk^ +fc iy 7 ,F)| x J*- 1 -> V x J*" 1 by the map Z x J*" 1 -> V x J fc_1 is 
|5.(*^V{o}' F n,{o})l x |5'(*,Tiy[fc],*)|= □ 

Lemma 7.9. There is a natural homeomorphism between \B'(*,sk^ l W( , ~f x [k]),F)\n k 
and \B.{*,Ts niJk y,F n;m )\. 

Proof. For each [n] G A, let a^y. [n] — >■ [fc] be defined by Im(cr[ n ]) = {/c}. Then 
p: A — > A I [k] defined by p([n]) = o~ n is a fibration with i?fc(p([n])) = |A"|. Since 
we have B'(*,sk c n W(~f x [k]), F)(c)(a [n] ) = B.(*,Ts nm ,F nm )(c)([n]), the result 
follows from Proposition 14.21 □ 

Now we can define the map fk{F) as the composition of the homeomorphism 
|£.(*^,W> F n,{o})l x I 1 ""'! - l 5 -(*' Ts n,{o}' F n,{o})l x \B'(*,TW[k], *)\= i and 



2 



the inclusion of \B,(*,Ts n j^, F n j^)(c)\ x |-B'(*, TW[&], *)|= in the realization 

\B'(*,Tsk^ +k W{j x [A;]),F)|^ and the above map to \B'(*,sk c n W(>y x [k)),F)\ Rk 
which is homeomorphic to the space \B,(*,Ts n j k -y, F n jj^)\. 

Note that Theorem 17.51 follows directly from the construction of the map f\ and 
the fact that r 0) o is a deformation retract. On the other hand, the cubes in the proof 
of Lemma [7.71 are glued together to form the (k — l)-cube I k ~ l as follow. For each 
a: [m] [k] with cx(0) = and a{m) = k, there is one cube l k ~ x and each such 
cube is glued to others except the three faces passing through a vertex which forms 
a vertex v = {vi, • • • , ffc-i} of I k ~ 1 with Vj = 1 if j is in the image of a. Therefore, 
Theorem 17.61 directly follows. 



8. Obstructions 

8.1. Bredon cohomology. In this section, assume that Q is a groupoid and Ab 
denotes the category of abelian groups. Let 7 : £ — >■ Cat be a functor. We write 
for the composition of 7 with (A 1 •) : Cat — > Cat. We define 




Definition 8.1. A local coefficient system on 7 is a functor M: J 7 — > Ab. 

Let D denote the projection from / 7 to A. Given a local coefficient system M on 
7 we obtain a cosimplicial abelian group M: A — > Ab as the right Kan extension 
of M over 7r. Let Cg(7;M) denote the associated cochain complex to M. In other 
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words 

c* g (r,M) = \imC*(r,M) 

G 

where C*(7; At) is considered as a functor from Q to the category of cochain com- 
plexes defined as follows: 

C n ( r ,M)(c)= J] M(c,a) 

<r: [n]— vy(c) 

for c an object of £ and 

W)(r) = ^(-l) i M(id c ,d i )(/(rod*)) 

i 

for / in C n (7; A1)(c) and r : [n + 1] — > 7(c). For g: c — > c' a morphism in a map 
between C n ( T ,M)(c) and C ri ( 7 ;M)(c / ) is defined by (gf)(a) =M((g,id a ))(f(g~ 1 )). 

Definition 8.2. The Bredon cohomology of 7 with coefficients in At is defined as 
the cohomology of the cochain complex C g (^\ At). 

To define relative Bredon cohomology take a = (a^ex where c^: Q — > Cat is a 
functor such that the category a(c) is a subcategory of 7(c) for every object c of Q 
and the inclusions give a natural transformation from ctj to 7 for each i in X. Let 
A^ ai denote the restriction of At to JgOii for i in X. Notice that Cg(af, Ai ai ) can 
be considered as a subcochain complex of Cg^; Ai). Let Cg(a;; At a ) denote cochain 
complex which is generated by the cochain complexes Cg{a.i\ Ai ai ) as i ranges over 
X. Hence we obtain a relative cochain complex 

C£( 7 , a; M) = C n g (r, M)/C£(a; M a ) 

for n an integer. 

Definition 8.3. The relative Bredon cohomology of the pair (7, a) with coefficients 
in At is defined as the cohomology of the cochain complex Cgd, a; Ai). 

Let d„7 = 7r _1 ([n]) be the subcategory of f g dj with objects which are sent to 
[n] by 7r and morphisms which are sent to identity by tt. We can write <i„7 as a 
disjoint union of two full subcategories Nd n ^ and Dd n ^ where an object (c, a) of <i„7 
is in Ndnl if a is 110 1 i n the image of a degeneracy map in the category d^{c) and 
the image of a is not in aj(c) for any i in X and an object (c, er) of rf„7 is in Dd n ^ 
otherwise. Now we can define a subcochain complex of Cgij; At) as follows: 

DC^,a;M) = r lim M(c,<t). 

This cochain complex contains Cg(a;Ai a ). Hence we can define a new cochain 
complex 

^(7, a; M) = ^(7; M)/DC%( 1 , a; M a ). 
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The relative Bredon cohomology of the pair (7, a) with coefficients in Ai is isomor- 
phic to the cohomology of the cochain complex Cg{^,a;M). We can also define a 
subgroup of Cg(7; M) as follows: 

NC%( 1 ,a;M) = r lim M(c,a). 

Now notice that as an abelian group Cg{j,a;Ai) is isomorphic to NCg{^, a; M) 
because we have 

C5( 7 , a; M) = NC$fr, a; M) © DC$fr, a; M). 

8.2. Obstructions to extending homotopy diagrams. Assume that we have a 
cSet-functor 

F: [ sk c k (W r sk c k+r Wa)^M 
Jg 

where k and r are positive integers. For c an object of Q and cr: [n] — > 7(c) an object of 
dq{c), let M F (c, a) denote the path component of mor_ M (F(c, er(0)), F(c, cr{n))) which 
contains the morphism F(id c , cr(0 — >■ n)) and Ay(c, cr) denotes the automorphism 
group of the object (c, cr) in the category 7r _1 ([n]). Then we define a functor 

mF : / d'j -> cSet 

such that for (c, cr) an object of J g d'j 

mF(c,a)= lim M F {c,a) 

and for a morphism (g, 1) in d'j, the morphism mF(g, 1) : mF(c, cr) — >■ mF(c', 'y(g)cr) 
is induced by the morphisms 

F(g-\ 1) : F(c', i(g)a(0)) -+ F(c, a(0)) and F(g, 1) : F(c, a(n)) -+ F(c, >y(g)a(n)) 

and for cr: [n] — > 7(c) and r: [m] — > 7(c) two objects of d'~f(c) and /: [n] — > [to] a 
morphism from cr to r in c?7(c), the morphism mF(l,/): mF(c, cr) — > mF(c,r) is 
induced by the morphisms 

F(l, r(0 1)) o ■ ■ ■ o F(l, r((/(0) - 1) -+ /(0))) : F(c, r(0)) -+ F(c, cr(0)) 

and 

F(l, r(f(n) ->■ (/(ra) + 1))) o • • • o F(l, t((to - 1) ->■ to)) : F(c, a(n)) ->■ F(c, t(to)). 

Now we will discuss obstructions to extending a relative /c-commutative homotopy 
diagram F, in other words, we want to define obstructions to the existence of a cSet- 
functor from J g sk c k+1 (W^f, sk c k+r Wot) to M. which is equal to F when restricted 
to j g sk k (W^,sk k+r Wa). Let I k+1 and dl k+1 denote the constant functors from 
Jg (4+27 to cSet constantly equal to the standard (k + l)-cube and its boundary 
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respectively. We define a natural transformation o^ +1 from dl k+1 to mF restricted 
to dk+2l as follows: 



o k /\c, a) : dl k+l - d (mor w[fe+2] (0, k + 2)) F{id ^ w ° mF(c , a ) 

for c an object of Q and a: + 2] — > 7(c) an object of d k +2l(c). Assuming mF(c, a) 
is fibrant and simple for every object (c, a) of fg dj, we can define a local coefficient 
system on 7 

7r fe F: / ^7 ->■ Ab 

by composing mF with 7Tfc. Now we can consider o^ +1 as an element in Cg +2 (7, a; n k F). 
Now the following result shows that o^ +1 can be considered as an obstruction to ex- 
tension. 

Proposition 8.4. A cSet-functor F: f g sk c k (W'y,sk c k+r Wa) -> M lifts to a cSet- 
functor F' : f g sk c k+1 (W-f : sk c k+r Wa) ->■ M if and only if o^ +1 = 0. 

Proof. We have 

o k F +1 (c,a) = 0en k F(c,a) 
for all (c, a) in Dd k+2 1- Moreover we have 

ir k ( lim mF(c,a))^ lim n k F(c,a). 

(c,er)eJV d k+ 2~f (c,(r)eiV4 +2 7 



Hence the result follows. □ 



Now we show that ot +1 is a cocycle. 



Lemma 8.5. 5o^ +1 = 0. 



For k — 1 and r: [4] — >■ 7(c) an object of (£47(0), (<5o|.)(c, r) is represented by the 
following cube: 
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014 



-J r 24-Foi2 




F34F23F012 

where F ili2 ... is denotes the map F(id c , r(i — > 12 • • • — >■ i s ))- As shown in the picture, 
(5of.)(id c , t) is also represented by the boundary of the below square. Since the 
square can be filled by the map 

^234^012: I 2 ->mF(c,r), 

it vanishes. 

Proof. First notice that for any c an object of Q and r: [k + 3] — > 7(c) an object of 
d k +3l{c), we have 

fc+2 1 

^^(-ir +£ F(id C) -)o^ro(^)| 9/fc+1 ) = 

i=l e=0 

in the abelian group [9/ fc+1 , mF(c, r)] where we consider the face map d^' e ) from 
to J fe+2 = mor W [fc+3](0, /c + 3) and let S l ' e ^\ 9I k+i denote the restriction of the face map 
to di" fe+1 . Assume that A(i,e) denote F(id c , 'jofro (c^' e )| ajfc+ i). Then 



fc+2 



fc+1 



^ +1 (c,r) = ^(-l)M(^0)-A(0,l) + A(A; + 2,l) = ^(-l)M^l) = 0. 



□ 



To show that \o k p X \ is a cohomological obstruction for lifting the cSet-functor F 
to a cSet-functor F': f g sk c k+1 (W'y,sk c k+r Wa) — > we first note that there is an 
action of 7r fc (mF(c, a)) on homotopy classes of maps from I k to mF(c, a) relative to 
since mF(c, cr) is fibrant and simple for every object (c, a) of j* g (£y. Let / • g 
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denote the action of g in 7T fc (mF(c, a)) on / a homotopy class of a map from I k to 
mF(c,a) relative to dl k . 

Proposition 8.6. Let F: J g sk c k (W^, sk c k+r Wa) M be a cSet-functor. Then the 
restriction of F to a {k—\)-th skeleton lifts to a cSet-functor on f g sk£ +1 (W7, sk£ +r Wa) 
if and only if [o^ +1 ] = in H k+2 {j, a; ir k F). 

Proof. We have [o^ +1 ] = in 77 fc+2 (7, a; TtkF). Hence there exists g in Gg +1 (7, a; HkF) 
such that Sg = o^ +1 . The restriction of F to (k — l)-skeleton can be extended 
to a cSet-functor on J g sk£(W7, sk£ +r Wa) denoted by F so that F\jn is equal to 
(F\in)-g(c, a)~ l as a map from J™ to mF(c, a) for (c, a) in Ndk+2l{c). Hence o~ +1 = 
and F lifts to a cSet-functor on f g sk£ +1 (W7, sk£ +r Wa). □ 

9. Applications 

9.1. Equivariant homotopy. Let Ai be a category and ^ be a groupoid. A C?- 
object of Ai is a functor from Q to AA. Let G be a group and Qg be the associated 
groupoid. Then a G-object of Top can be also called a G-space, a G-object of sSet 
can be considered as a simplicial set with a G action, and a G-object of CW can be 
called a G-CW-complex. Let J 7 be a family of subgroupoids of Q. We say (/-object 
X : Q — > M. has isotropy in F if for all H subgroupoid of Q not in F the limit lim X 

is an initial object. 

Given A, B two ^-objects of Ai, a (?-map from A to 5 is a natural transformation 
from A to B. Further assume that Ai is a model category. Let /, g be two (/-maps 
from A to -B we say / is homotopic to g if there exists a cylinder object I with two 
trivial cofibrations i$ : * — > I and i 1 : * — > I and a natural transformation H from 
A x 7 to B such that / = 77 o i Q and g = H o i 1 . So one can also define homotopy 
equivalence between (/-objects. We call such (/-maps (/-homotopy equivalences. 

9.2. Equivariant classifying spaces. Let Q be a groupoid and X: Q — > sSet be 

a functor. We define Sd^: Q — > Cat to be the functor which send the object c to 
Sdj^c), the opposite of the full subcategory of A I Z with object set equal to non- 
degenerate objects. Assume iV denotes the nerve functor from Cat to sSet. Then 
there is a natural homeomorphism between the realizations \X\ and \NSd(X)\. 

Let J 7 be a family of subgroups of a group G which is closed under conjugation. 
Define Sjr as the functor from Qq to the category Cat which sends the object *g in Qg 
to the category whose objects are pairs (G/H,xH) where 77 e F and x G G 

and morphisms from (G/77, x77) to (G/K,yK) are the G-maps from G/77 to G/K 
which sends a;77 to yK. Moreover g G G sends the object (G/H,xH) to the object 
(G/77, gxH) and sends the morphism /: G/77 — >■ G/7T to the morphism gf: G/H — > 
G/K which satisfies (gf)(gxH) = gyK. The functor Sjr has the following universal 
property 
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Proposition 9.1. For any functor X : Qg — > sSet with isotropy in T there exists a 
natural transformation fx from SdX to 8 jr. 

Proof. Let X be a functor from Qg to sSet. We want to define a natural transforma- 
tion from Sd(X) to Ej. This means that we want to define a functor from ScI(X)(*g) 
to £t{*g)- Choose / a set of representatives from each orbit of the action of G on 
the set of objects in Sd(X)(* G )- Send x in I to (G/G X ,G X ) in £^{*g) an d extend 
the functor equivariantly on the rest of the objects in Sd(X)(*G). Then there is a 
unique way to send the morphisms. □ 

9.3. Pullbacks. Let G be a group and J 7 be a family of subgroups of G, and let 
X : Qg — ^ sSet be a G-object of sSet with isotropy in T. By the above section we 
know that there exists a natural transformation / from SdX to Ejr. This induces a 
natural transformation from Tsk^ WSdX to Tsk^ WEj. Therefore given 



Since we could also pull back homotopies we obtain the following result. 

Theorem 9.2. If F\ and F 2 are homotopic as n- commutative diagrams over Top c s e t 
then \Pf(X, Fi)\ and \Pf(X, F 2 )\ are homotopic as G-objects of Top. 

Proof. By definition Fx and F 2 are homotopic as n-commutative diagrams over Top c s e t 
means there exists Hi,H 2 : j g s)<L c n+2 W{^ x [2]) — > M. which satisfies certain condi- 
tions which guarantees that H\ restricted to f g sk^ +1 W(j x {0 — > 1}) induces a 
map from \P f (X,F x )\ to \P f (X,F 2 )\ and H x restricted to J^sk^W^ x {1 2}) 
induces a map from \Pf(X, F 2 )\ to \Pf(X, Fi)\ and the compositions of these maps 
are G-homotopic to identity by Theorem 17.51 and Theorem 17.61 □ 

9.4. Finiteness. Assume 



with isotropy in J 7 . Let U : CW — > Top denote the functor that sends a CW-complex 
to its underlying topological space. Here CW can be considered as a homotopical 
category with weak equivalences as cellular maps which induce isomorphisms on 
homotopy groups and U can be considered as a homotopical functor. We will say a 
simplicial set is finite if it has finitely many non-degenerate simplices. 

Theorem 9.3. If X is finite simplicial set and F restricted to jg G sk c _ l WEj factors 
through CW then \Pf(X,F)\ has isotropy in J 7 and it is G-homotopy equivalent to 
a finite G -CW-complex. 



JQg 

we can define the pullback of F over X as follows: 

P f (X, F) = B(*,TsK WSdX, f*(TF)). 
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Proof. Let g be a map from A to \X\. Define B g as the pull back of the diagram 
A — > \X\ \Pf(X, F)\ where the map on the left is g and the map on the right 
is the composition \Pf(X, F)\ -> \Pf(X, *)| ^ For i > 0, define A { = \ skiX\. 
We have an inclusion : A* — > \X\. Since F restricted to fg sk^ WSjr factors 
through CW we can say that B go = |Py(sk X, F)\ is G-homotopy equivalent to a 
finite G-CW-complex. Assume that we proved B g . is G-homotopy equivalent to a 
finite G-CW-complex. Define Ai + \ as |skj + iX| with a smaller open disc removed 

from every open (i + l)-cell. There is an inclusion g i+ i : Ai + i — > \X\. Define Ai + i 
as disjoint union of the closures of the smaller open discs removed above. There is 
an inclusion g i+1 : Ai — > \X\. Now B 9i+1 is equal to the union of Bg i+1 and B=, i> 
The space Bg is homotopy equivalent to B g . hence, it is G-homotopy equivalent to 
a finite G-CW-complex. The space is a disjoint union of products of finite G-CW- 
complexes. Moreover the inclusion of the intersection of B„ and B= in B= 

1 fs+l Qi+l 9i+l 

is a cofibration. Hence B gi+l is G-homotopy equivalent to a finite G-CW-complex. 
Hence by induction \Pf(X, F)\ is G-homotopy equivalent to a finite G-CW-complex. 
Moreover \Pf(X, F) | has isotropy in J 7 as it is obtained as a pullback of a space which 
has isotropy in J 7 . □ 

9.5. Group actions on products of spheres. Let G be a finite group and let X 
be a G-object of sSet with all isotropics in T where J 7 is a family of subgroups of 
G which is closed under conjugation and taking subgroups. Suppose also that X is 
a finite G-GH^-complex with dimX = k (that is the dimension of X(*g))- Then the 
standard geometric realization \X\ of X is a finite G-GH^-complex. 

A family of representations {an - H —> Uijn^Her is called compatible if for every 
map c g : H — >■ K induced by conjugation c g (h) = ghg^ 1 , there is a 7 G U{m) such 
that the following diagram commutes 

H U(m) 

C 9 

K > [/(to). 

Given a family of representations \oi.h\h^Ti we wm construct a fc-commutative homo- 
topy £jr-diagram F\ : fg sk^ WSjr — y Top c s e t such that i^ilsk^ we T {* G ) is homotopic 
to the /c-commutative homotopy diagram F 2 : sk^ WSjr — y Top c s e t which sends every 
object to S 9 and every morphism to the identity map on S q for some q » 0. Since 
\Pf(X, i^)! = \X\ x E> q , the following result will follow by Theorem 19.21 and Theorem 



Theorem 9.4. Let {ci^h^t be a compatible family of representations where J 7 is 
a family of subgroups of G which is closed under conjugation and taking subgroups. 
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Then for every finite G-object X o/sSet with all isotropies in T ', there is a finite G- 
CW -complex Y = \X\ x 8> q whose isotropy subgroups are in the family V = {H x \x G 
§(aff), H G J 7 } for some q » 0. 

Let X, T and {o.^h&t be denned as in the above theorem with dim(X) = k. 
For every H G T and u G G/H, fix X(h,u) £ u - We write x = Xh, u when it is 
clear from the context. Let Xu = (G x § 2m_1 )/ ~ where (gh,s) = (g,aH{h)s) and 
-X"h,u = {[x H ,u,s] G X fl }. The group G acts on X H by g'[g,s] = [g'g,s] and the 
restriction of this action to X H induces a x if -action on X G /h,u- Define 

D: [ E T -> Ho(To PcSet ) 

on objects by D(* G , (G/H,u)) = X Hu . 

For H,K eJ 7 with a iJei( for some a G G, let 7V G (ff, AT) = G G | 9 H < K}. 
Write N G (H,K) as a disjoint union of double cosets: 

N G (H,K)= |J tf^if. 
iei G (H,K) 

For i in I G (H, K), fix an element 7, in £/(n) such that c 7i o an = ol k o c 9i . For i in 
Jg(-^, K), write KgiH as a disjoint union of cosets 

jeJ G (H,K,i) 

where = x^ G/HMjgiH) . For 5- in N G (H,K), define 

7 3 = ~f g (H,K) = aK^ij^ia^h) 

where g = t^gih, i in I G (H, K), j in J G (H, K, i), and ft, in if. We denote the unique 
map from (G/H,u) to (G/K,v) in £f(*g) by Now for the map (g,f gu ,v) from 
(*G, (G/H,u)) to (* G , (G/H,v)), let = [£>/„,„] where Df u>v : X H ^ U ->• 

is defined by 

!>/«,«( [a:, s]) = [y,7»- 1 x(-ff, #>] 
where x = x (H ,„) and y = y( K ,v)- 

Lemma 9.5. D : fg G £jr — > Ho(Top c s e t) is a functor. 
Proof. Note that 

Did UiU ([x, s]) = [x,a H (g~ l )lis\ 

when the identity element e of the group is in the coset HgiH . Since U (m) is path- 
connected, there is a path p: I — > U(m) with p(0) = id and p(l) = anig^ 1 )^- Then 
the map H: X Hu x I — >■ X# jU defined by s],i) = [x,p(t)s] gives a homotopy 

between idx Hu and -Did UjU . 
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Let f U)W : (G/H,u) — > (G/L,w) and f W;V : (G/L,w) — > (G/K,v) be composable 
maps for some i7, L and in H with a if < L and b L < K. Let 

iV G (#,K) = IjK^andX^^U^F, 

Ng(H,L) = [jLajH and LajH = \^Jrj n ajH, 

N G (L,K) = [j Kb k L and Kb k L = \Js M b k L. 

Then we have 

Df W)V o Df UiW ([x, s]) = [y,a K {ski)lkOiL{lrjn)ljOiH{hi)s\ 
Df w , v f u , w ([x,s]) = [y,a K (tij)jia(h)s] 

where z~ x x = rj n ajhi, y~ l z = s k ib k l and y~ l x = t^gih. Here, y = x<g/k,v) and 
z — x (g/l,w)- Since y _1 x = s k ib k lrj n ajhi, we have 

Therefore H u , w ,v : Xh, u x I — > Xk, v defined by 

H U7WjV ([x,s],t) = [y,a K (s k i)j K a K (lr jn )9 gha . tbh a H (hi)s} 
gives a homotopy between Df W:V f U)W and Df W)V o Df u ^ w where gi , aj ,b k is a path from 

Since sk^ WSjr is defined by including the cubical compositions of 1-cubes in WSj-, 
we can lift D to a 1-commutative homotopy £j--diagram D 1 : sk^ WSj- —¥ Top c s e t 
by letting D l (g,I a ) = H UtWjV : Xh, u x / — > Xh, v for every a: [2] — > Ej with cr(0 — > 
1) = and <t(1 — t- 2) = f WjV . We use the obstruction theory from Section E]to lift 
it to a fc-commutative homotopy ^-diagram for given k. The following observation 
makes it easier to deal with the obstruction classes. 

Lemma 9.6. For every lift D n : jg^ sk^ WSjr — > Top c s e t of a 1-commutative homo- 
topy Sj--diagram D 1 and for every a: [k] — > Sj- with <r(0) = (G/H,u), we have the 
following homeomorphism 

(2) mD n (* G ,<r)~Autl H (X H , v ) 

where x = X(g/h,u) and Anil h {Xh, u ) denotes the identity component of Ant* h(Xh, u ) ■ 
Proof Let a(i) = {G/H h Ui), x { = x {G /H t!Ul ), u n = v, and x n = y. Since X H C f] Xi H h 

•Ae r (*G,<r) = {(5 , ,id^(g)«r)| o = £ T (g) o a} = {(g,id eAg)(7 )\ g e X H}. 
Therefore we have 

mD n (* G ,o-) = lim (Mor ToPcSet (X H . u ,X KtV ),Df UtV ) = (Map^pfff^, X KjV ), Df UyV ). 
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For every 0: X H , U ->■ X^, define 0': S 2 ™- 1 -> S 2 ™- 1 by </>([x,s]) = [y,(f>'{s)}. Then 
(ft is in Map 1B _ ff (Xg (U , if and only if for every h G H, <fi' satisfies the following 

equality 

4>\s) = 7 «^(/i- 1 )7~V'(a//(^)s) 

where 7 = axik^ianih) and k = y x h. 

Now we can define a homeomorphism \& ': Map a;H (X^ iU , X^ ifJ ) — >■ Auti_ ff (X/f, u ) by 
\l/ (</>)( [a;, s]) = [sc, 7 _1 0'(s)]. The map ^(<f>) is an x if-map since 

*[<f>](F h x,s] = *[<f>]([x,a H {h)s] = [x^'^'och^s] = [x,a /f (/i)7~V'(s)] 
= ^[x,7-V'(s)]= x ^(0)([x,s]) 

for every h & H. The inverse of \I/ is given by s] = [?/, 7/'(s)] where /' is 

defined by f([x, s)) = [x, f'{s)). Clearly, we have ^(D(f UjV )) = id\ XHu . □ 

Since the spaces Autl H (X HjU ) are both fibrant and simple, we can use the obstruc- 
tion theory developed in Section [81 Since the space Xh, u is x '-£/-homeomorphic to the 
representation sphere S( x an) where x an'- X H — y U(m) is the representation defined 
by x an( x h) = an{h), we can use the following theorem to kill the obstructions. 

Theorem 9.7 (Libman [I?]). Let a be a complex representation of a finite group Ft . 
Then for any r > I, there exist integers M r andt r such that |7r r (Aut H -(* t S(a:)))| < M r 
for all t >t r . 

In order to use the above result, we need to introduce the following terminology 
The join E * F: f g sk^ —y Top cSe t of an n-commutative homotopy 7-diagrams 
E and F over Top c s e t is an n-commutative homotopy 7-diagram defined on objects 
by (E * F)(c,x) = E(c,x) * F(c,x). Here the join X * Y of topological spaces 
X and Y is defined as the quotients space X x Y x I under the identifications 
(x, yi,0) ~ (x, 2/2)0) and (xi,y,l) ~ (x 2 ,y,l). We write the points of the join 
X * Y as (xri,yr 2 ) with 77, r2 G / and 77 + r2 = 1. On morphisms, we define 
(E * F)(I a ): (E * F)(c,a(0)) x F ->■ (E * F)(c,a(r)) for every a: [r] ->■ 7(c) with 
r < n by letting (E * F)(I a )((x l r l ,x 2 r 2 ),t) = {E{I a ){x 1: t)n, F(I a )(x 2 , t)r 2 ). ' 

Proposition 9.8. For every integer n > 1, there is an n-commutative homotopy 
Sjr-diagram F n : Jg Q sk° WE T -y Top cSe t over * t D: £ T -y Ho(Top cSe t) for some 
t»0. 

Proof. Let F' = {(H,x)\ x = x^h, u ) for some H G F, u G G/H}. By Theorem 
19.71 for every (H,x) G F' and r > 1, there are integers Mr H ' x ^ and ti H such that 
|7r r (Aut^(* t S( :r Q;j f )))| < M ( r H ' x) for all t > t { r H ' x) . Let £ a = 1 and for n > 1, let 

n-l 

<=n n w" n o- 

r=l (H,x)e^' i<A6 H ^ 
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We prove by induction on n that there is an n- commutative homotopy £j--diagram 
over *t n D\ £jr — y Ho(Top c g e t). For n — 1, let — D 1 . By induction hypothesis, 
there is an (n — l)-commutative homotopy diagram F n ~ 1 over * tn _ 1 D. Now, consider 
the (n — l)-commutative homotopy £j--diagram D n ~ x = * t > n F n ~ 1 over *t n D where 
t' n = t~^- Under the equivalence |2l the map D n ~ 1 (*, — ) factors through 



d (mor H>+1] (0,n + 1)) ^— > Autl H (* tn §( x a H )) 

where is defined by <j>(a)(xiri, ■ ■ • ,x t ' n r t i n ) = (a(xi)ri, • • • , a(x t > n )r t ' n ) . Therefore, 
by Lemma 2.6 in [26], the obstruction class o^ n _i sends (*g, &) to t' n Op n _ 1 ( y *G, c) in 
■K n -i(Autl H (* tn 'S( x aH))) where a(0) = (G/H,u) and x = X(h, u )- Since (H,x) G F', 
|7r„_i(Aut^(*i n S( :c ai/)))| divides t' n and hence 0£„_i(*g, cr) = 0. Therefore, we can 
extend D n ~ l to an n-commutative homotopy ^-diagram F n over *t n D. □ 



For every fc-commutative homotopy diagram F, the restriction F\,$£wSj? is the 
composition F o j where the functor j : sk£ W£j?(*g) fg G s ^k W£j is given by 
j(G/H, u) = (*g, (G/H, u)) and = (e, where e is the identity element of the 
group G. Now let F 2 (p, r) : sk£ W£f(*g) Top c s e t be an r-commutative homotopy 
diagram which sends every object to §> q and every morphism to the identity map on 
S q where q = Imp — 1. Note that for every p < s, we have i^s, r) = *£-F 2 (p, r). 

Proposition 9.9. There is a k- commutative homotopy £jr-diagram F\ : fg sk£ W^jr — >■ 
Top c set over* t D such that Fi\ s \^ k ws F {* G ) and F2(t,r) are homotopic for some t » 0. 

Proof. Let F : Jg G sk£ W£j — >■ Top cSe t be a fc-commutative homotopy £ jr-diagram 
over * t /D with £' > 1 given by the above proposition. Then -F| sk c we T (* G ) = fyD 1 . 
For every (G/H,u) G £?(*), let iu,u'- < §> 9 — > X H)U and jiy^: -^(tf.u) — > S q be defined 
by i H ,u( s ) = [ x (H,u),s] and j H ,u{[ x (H,u),s]) = s. For every (G/H,u) and (G/K,v) in 
£jr(*), choose a path p^K 1 _ > U{m) from the identity to j x -i x (H, K). Now 

define E 1 : sk? W(£^ x [2]) -> Top cSe t on objects by E 1 {{G / H ,u) , 1) = X H . U and 
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Fi((G/F",u),0) = Ei((G/H, u), 2) = S 2 ™- 1 . We define F 1 on morphisms as follows 



E\l a 



id§2m-i o p l) cr(0 — 7> 1 
iK,v°Pi, <r(0 1 

id§2m-i o p l) cr(0 — 7> 1 

Pl,k, <r(0 ->• 1 

id§2m-i o p 1; (j(0 — >■ 1 

id§2m-i o p l) a(0 — > 2 

F,, ,„„, <r(0 — >■ 1 

<r(0 ->■ 1 
cr(0 ->• 1 



Ph,l, 
3h,u°Pi, 



id§2m-i o p 1; cr(0 — > 1 



(/„,„,, 0) and a(l ->■ 2) = (/„,,„, 0); 
(/„,«,, 0) and <r(l-> 2) = (/„,,„, 0->l); 
(/ UiW ,0) and <r(l-> 2) = (/„,,„,()-► 2); 

1) and (t(1 ->■ 2) = (/„,,„, 1); 
(/„,„,, 0^1) and a(l ->• 2) = (/^, 1 -> 2); 
(/„,«,, 0) and ->■ 2) = (/«,,„, 2); 
(/„,„,, 1) and ->■ 2) = (/ Wjt) , 1); 
(/„,«,, 1) and tr(l ->■ 2) = 1 -> 2); 

(/«,«,,!< 2) and <r(l -> 2) = (/„,,„, 2); 
(/„,«,, 2) and (7(1 ^2) = (f w , v ,2). 



where P L;jftr : § 2m 1 x I ->■ X^„ is defined by P LjE -([s,t]) = [x^,p Li ^(t)s] and 

Pff,L: X Hitt S 2 " 1 " 1 is given by s],f) = Ph,^) 3 - Then ♦t'-E 1 S ives a 

homotopy from F 2 (i', 1) to F\ sk c W£:F ^y 

Define t n inductively by t n = \7i n (S 2mt 9ri_1 )| where q± — 1 and q n — t±- ■ -£ n _i for 
n > 1. Then, let F 2 = F 2 (tt', k) and Fl = * t F where t = tit 2 • • -ifc-i- To construct 
the desired homotopy, we first need to construct A;-commutative homotopy diagrams 
T 12 ,T 21 : sk c k W{E F x [1]) -> Top c set with T^| Sfc{0} = F, and T^| Sfc{1} = F t that lift 
*t(F;^ {o !}) and *t(F^ {i 2 })> respectively. For this, consider the cSet-functor 

T\ 2 : S kl(W(SA*) x [l]),sk c k W(SA*) x {0, 1})) -> Top cSet 



defined by the relations 



and T^jskc w(£^(*)x{i}) 



skfW(fjr(*) X [l]) 1 

F. Since of „ x > 



**'- E s 1 i,{o,i}' r i2lsk^(£:^(*)x{o}) - F 2 (t',2), 
= ti(o 2 ! ) and it factors through 7Ti(8 2mi _1 ) 



we have o? T i ^ = 0. Therefore, the functor *t 1 T u extends to a cSet-functor, say 

T 2 2 : (sk^ W(5jr 2 (*) x [1]), sk c k W(Sjr(*) x {0, 1}) ->• Top cSet . By applying this process 
repeatedly, we obtain a fc-commutative homotopy diagram T 12 = T* 2 with the desired 
properties. One can construct T 21 similarly. 
Now let 



E : sk^W^*) x [2]),sk c k W(SA*) x ({0, 1}, {1, 2}, {0, 2}))) To PcSet 



be a cSet-functor defined by relations E 



\sk1W(£ T (*)x[2]) 



Tn, E 



lsk£W(£jr(*)x{l,2}) 



T 21 , and E 



\sk% W(£ T (*)x{0,2}) 



tively by s r 



7T T , 



T2mtt'r n 



where r± — 1 and r ri 



*t'E x ,E | gk c W (£:^(*)x{o,i}) - 
: F 2 (tt',2). Define s„ induc- 
- si---s n _i for n > 1. As 



above one can extend the functor * S1 F to a cSet-functor F 2 from the cSet-category 
sk c 2 (W^(*) x [2]), sk c fc W{£ T {*) x ({0\1}, {1^2}, {0T2}))) to Top cSe t and by repeating 
the same argument, one can construct the homotopy F. Note that F is a homotopy 
from F 2 {u, k) to * « F where w = tt'sis 2 • • • s^-i □ 
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